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Abstract. We give a explicit computation of the pointed harmonic volumes of hy- 
perelliptic curves with Weierstrass base points, which are paraphrased into a combi- 
natorial formula. 



1. Introduction 

Let X be a compact Riemann surface of genus g > 2 and p a point on X. By 
Pulte 0, the pointed harmonic volume of {X,p) was defined to be the homomorphism 
K ® H ^ R/Z, using Harris' method for the harmonic volume of X Here, we 
denote hy H = H^{X; Z) the first cohomology group of X and K the kernel of the in- 
tersection pairing H^H^Wj. In this paper, we compute the pointed harmonic volume 
of any hyperelliptic curve C with any Weierstrass point p. In theorem 15.61 we com- 
pute that of some special hyperelliptic curve Co with Weierstrass points in an analytic 
way, by the explicit computation of Chen's iterated integrals T. Using Proposition 
14.11 we can compute the the pointed harmonic volumes of all the hyperelliptic curves 
with Weierstrass base points from those of Cq. These results are paraphrased from a 
combinatorial viewpoint as follows. Let {i-'j}j=o,i,...,2g-i-i denote the set of Weierstrass 
points on C, and fix a Weierstrass point Pu, Q < v <2g + \. A certain homomorphism 

Kjy : K ® H ^ 2^/^ ~ ^/^} defined in ^ which depends on the choice of Pi^. 

Theorem 6.2. For any hyperelliptic curve C and A ^ K ® H , we have 

Ip^{A) = K^{A) mod Z. 

The author computed the harmonic volumes of hyperelliptic curves. But the 
computation of the pointed ones of {X,p) is more complicated than that of X. For any 
hyperelliptic curve C, it is tedious to compute Ip in the case p € C \ {-P;}j=o,i,...,2g+i- 
But we have Ip = or 1/2 mod Z in the case p E {-Pj}j=o,i,...,2g-i-i- It has been still 
unknown which elements of K H and Weierstrass points p have nontrivial Ip or not. 
In this paper, we compute them completely. 

As an application of the pointed harmonic volume of {X, p) , Pulte proved the pointed 
Torelli theorem . We denote by vri {X, p) the fundamental group of X at the base 
point p e X and Jp the augmentation ideal of the group ring Z7ri(X, p). 

Theorem 1.1. {the pointed Torelli theorem 5J 

Suppose that X and Y are compact Riemann surfaces and that p £ X and q . With 
the exception of two points p in X, if there is a ring isomorphism 

Z^i(A,p)/j3 ^Z7ri(y,g)/J3 
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which preserves the mixed Hodge structure, then there is a biholomorphism ip: X ^ Y 
such that f{p) = q- 

If X is generic (e.g. X is hyper elliptic), then there are no exceptional points. The 
pointed harmonic volumes determine the choice of the base points. In the proof of 
this theorem, the classical Torelli theorem follows from the preservation of the mixed 
Hodge structure and we obtain the biholomorphism X = Y . When we choose the base 
points, the pointed harmonic volume plays an important role. Theorem 16.21 also tells 
the choice of Weierstrass base points on C. 

Now we describe the contents of this paper briefly. In ^ we define the pointed 
harmonic volume of (X, p), using Chen's iterated integrals In ^ we give a basis 
of the first homology group //i(C;Z/2Z) of the hyperelliptic curve C. In ^ we prove 
Ip^ S {A]j]l^om.{K H , Z/2Z)). In ^ the pointed harmonic volume of some special 
hyperelliptic curve Cq with Weierstrass base points is computed in an analytic way. This 
result can be extended to all the hyperelliptic curves with Weierstrass base points and 
interpreted from a combinatorial viewpoint. In ^ we obtain a simple combinatorial 
formula of the pointed harmonic volume of {C^Pp). 

Acknowledgments. The author is grateful to Nariya Kawazumi for valuable advice 
and reading the manuscript. He also thanks Masahiko Yoshinaga for reading the man- 
uscript. This work is partially supported by 21st Century COE program (University 
of Tokyo) by the Ministry of Education, Culture, Sports, Science and Technology. 



2. The pointed harmonic volume 



We recall the definition of the pointed harmonic volume of a pointed Riemann surface 
{X,p). Here X is a compact Riemann surface of genus g > 2 and p a point on X. 
We identify the first integral homology group Hi{X]'L) of X with the first integral 
cohomology group by Poincare duality, and denote it by H. For closed 1-forms wi^j 

„ m 

and uJ2i, i = 1, 2, . . . , m, on X such that / > liJi j A W2 « = 0, we obtain the 1-form t] 

such that dr] = YllLi ^ and / r/ A *q = for any closed 1-form a on X. Here, 

Jx 

* is the Hodge star operator which depends only on the complex structure and not 
the choice of Hermitian metric. We identify H with the space of all the real harmonic 
1-forms on X with integral periods by the Hodge theorem. We denote by K the kernel 
of the intersection pairing ( , ) : H ® H ^ Ij. 

Definition 2.1. (The pointed harmonic volume 5 ) 

For 'Y^^i ai <^ bi £ K and c £ H, the pointed harmonic volume is defined to be 




/ Uibi — rj mod Z. 
i=i J-y h 



Here r] is the 1-form on X which is associated to ^I'Li ® bi in the way stated 
above and 7 : [0, 1] — > X is a loop in X at the base point p whose homology class 

is equal to c. The integral / Uibi is Chen's iterated integral HJ, that is, / aibi = 

J ^ J ^ 
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/ fi{ti)9i{t2)dtidt2 for 7*aj = fi{t)dt and 7*6^ = gi{t)dt. Here t is the coordi- 

nate in the unit interval [0, 1]. See Chen ^ for iterated integrals and Harris ^4,, Pulte 
[S] for the (pointed) harmonic volume. 

Remark 2.2. By the definition of /p, we have Ip[{Y^^=i '^■1 ® ^i) ®c) = —Ip{i^^i bi 
Ui) c) mod Z. 

3. HYPERELLIPTIC CURVES 

Let C be a hyperelliptic curve and Z2 the field Z/2Z. In this section, we explain the 
first homology group of C with Z2-coefficient. 

We define the hyperelliptic curve C as follows. It is the compactification of the plane 
curve in the {z, w) plane 

2g+l 

where po,pi, ■ ■ ■ ,P2g+i are some distinct points on C. It admits the hyperelliptic involu- 
tion given by l : (z, w) 1— > (z, —w). Let vr be the 2-sheeted covering C — > CP^, {z, w) 1— > 
z, branched over 2g -\-2 branch points {pi}j=o,i, -- ,2g+i and Pi € C a ramification point 
such that vr(Pj) = pi. It is known that {-Pi}j=o,i,...,2g+i is just the set of all the Weier- 
strass points on any hyperelliptic curve C. 

For points pi and pj, we denote by piPj a simple path joining pi and pj. We draw 
simple paths PoPi,piP2, ■ ■ ■ ,P2gP2g+i and p2g+iPo such that all the 2g + 2 arcs do not 
intersect except for endpoints of them. We take a disk D C CP^ whose boundary is 
[Iji^^oPjPj+i) [jP2g+iPo (Figure^ g = 2). We picture two copies of CP^ as above and 
call them Q,q and Oi. We make crosscuts along P2kP2k+i, k = 0,1, . . . , g and construct 
the hyperelliptic curve C by joining every P2kP2k+i on to the corresponding one on 
Oi for k = 0, 1, . . . See 102-103 in |2j for example. We may consider Vti d C for 
z = 0,1. 



PI PO Pi Pa 




Figure 1. L> c CP^ Figure 2. JIq c C 

The hyperelliptic involution i interchanges a point on VIq and the corresponding one 
on Qi, and fixes Pi, i = 0,1, . . . ,2g + 1. We choose a base point G VLq and denote 
Qi = /-(Qo) £ f^i- Let 7j, j = 0,1, . . . ,2g + 1, be a simple path in D joining 7r((5o) 
and Pj. We denote by 7j the lift of 7j in from Qo to Pj (Figure HI g = 2). Set 
^3 ~ T'i ■ '-(Tj)""^' where the product 7j • '-(7^)"^ indicates that we traverse 7j first, then 
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i(7j) ^. It is a path in C which is to be followed from Qq to Pj and go to Qi in Figure 
121 It is clear that Cj^ • /-(e^-j) is a loop in C at the base point Qq. Moreover we have the 




Figure 3. Cj = 7j • '-(7^)"^ 

homotopy equivalences relative to the base point Qo 

Cj ■ i{ej) ~ 1 and cq • t(ei) e2g ■ L{e2g+i) ~ 1. 

We set tti = e2i~i ■ i{e2i) and hi = e2i~i ■ '-(624-2) ei • i(eo), and denote by Xi and 
Ui the homology classes of aj and hi respectively. Then we have {xj, yj}j=i^2,...,g is a 
symplectic basis of Hi{C;Z) in Figure 1 in pj. 

Let denote Hi{C;Z2) and B branch locus {pi}i=o,i,...,2g+i- We deform the path 
Ci in C and denote it by e- in C \ tt^^{B) as follows. The path e- avoids Pi in a 
sufficiently small neighborhood at Pi so that 7r(e^) goes around which does not any 
Pk with k ^ i (Figure 15) and the set of homology classes {vr(e^)}j=o,i,...,2g is a basis of 
Hi{CP^\B;Z2). Moreover we have 7r(e^)+7r(ei) + ---+7r(e^3+i) = £ Hi{CP^\B;Z2). 
Since the coefficients are in Z2, the homology class of is independent of the choice of 
it. From the 2-sheeted covering tt, we have the well-defined homomorphism vq: H ^ 

• > < • > • > < 

vr(Qo) = vr(Qi) Pi 7r(Qo) = vr(Qi) 

Figure 4. A deformation of Cj 

Hi{CP'^\B;Z2) which factors through Fi(C\7r-i(5);Z) (Arnol'd P). We obtain the 
linear map v : i^Zj ~^ Hi{CP^ \ Z2) induced naturally by vq. It immediately follows 
that v{xi mod 2) = vr(e2j„i) + vr(e2j), f (yi mod 2) = 7r(eo) + 7r(ei) + • • • + 7r(e2j„i), 
and V is injective. The map v gives the short exact sequence 

^ Hi{CP^ \ B;Z2) ^Z2 ^ 0. 

Here the map Hi{CP^ \ B;Z2) Z2 is the augmentation map vr(e') ^ 1. Fix a 
Weierstrass point Py. Let fi denote 7r(e'j,) + 7r(e9 for i = 0, 1, . . . , 2^ + 1. We remark 
that fi may be considered as an element of and fu = 0. For i = 1,2, ... we 
have the identification 

1^ j Xi = /2i-l + /2i, 

^ ^ I yi = /0 + /! + ••• + /2i-l, 

in Hz2- It is clear that /o + /i + • • • + /2g+i = 0. 
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For any hyperelliptic curve C and Weierstrass point Pj £ C, the hyperelhptic in- 
volution L fixes Ip. and acts on H^^ as (— l)-times. Then we have the value of Ipj 
is or 1/2 mod Z from the equation Ip. = {—l)^Ip. mod Z. We may consider 
Ip. G Hom((K (g) Z2), where {K (g) H)i^ denotes {K ® H) ® Zg. 

4. Pointed harmonic volumes of hyperelliptic curves and the moduli 

SPACE OF compact RiEMANN SURFACES 

We recall some results about the moduli space of compact Riemann surfaces. Let Eg 
be a closed oriented surface of genus g. Its mapping class group, denoted here by F*, is 
the group of isotopy classes of orientation preserving diffeomorphisms of which fix 
s points on Eg for s = 0, 1. We denote F^ = F^. The group T acts on the Teichmiiller 
space Tg of with a marked point and the quotient space A4j is the moduli space of 
Riemann surfaces of genus g with a marked point. The group F^ acts naturally on the 
first homology group Hi{T,g \ Z) of S^. 

Let 1-Og C M.]j be the moduli space of hyperelliptic curves of genus g with a marked 
Weierstrass point P^. For the rest of this paper, we suppose that a marked point is 
a Weierstrass point. The hyperelliptic mapping class group is the subgroup of F^ 
defined by 

{^p e Tg] ifi = Lip, ip{Pu) = Pu}, 

where i is the hyperelliptic involution of Sg. We have C F^. The moduli space Tig is 
known to be connected and has a natural structure of a quasi-projective orbifold. The 
group Ag can be considered as its orbifold fundamental group. For any ZA^-module 
M, we may consider the dual M* = Hom(M, Z2) as a Z2A^-module in a natural way. 
We denote I,y = Ip^. 

Proposition 4.1. We have 

I,e H°{Al;{K0Hy), 
i.e. ly is a Ag-invariant in the dual {K H)* . 

Proof. Let £ be a locally constant sheaf with a stalk }iomz{K Z2). In a similar 
way to Harris' method ly varies in Ti.^ continuously. For any hyperelliptic curves, 
/i/ = or 1/2 modulo Z. We remark that the pointed harmonic volume is uniquely 
determined for any point on TO^. The locally constant sheaf C has a global section 

ly associated to lu- Moreover is arcwise connected. Therefore lu is a constant 
section of C and 1^ is invariant under the action of the orbifold fundamental group A^ 
oin]. □ 

5. Pointed harmonic volumes of a hyperelliptic curve Cq 

We compute the pointed harmonic volume of a pointed hyperelliptic curve {Co,Pu). 
See §3 and 4 in |H] for details. We define the hyperelliptic curve Co by the equation w"^ = 
^2s+2 _ -y^ ^j^j^g ^ (0, (-1)^^/31)^ i = 0,1, and Pj = {C^,0),j = 0,1, . . . ,2g + 1, 

where ( = exp {27ry/^/{2g + 2)) . We define a path ej: [0,1] Co,j = 0, 1, . . . , 2^ + 1, 
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{2tC, ^/^y/l - (2t )2g+2) for < t < 1/2, 

((2 - 2t)C^-\/^\/n-T2^^2t)29+2) for 1/2 < t < 1. 



For i = l,2,...,g, we denote by a holomorphic 1-form ^dz/w on Cq. It is known 
that {ct'j}j=i^2,...,g is a basis of the space of holomorphic 1-forms on Cq. Let B{u,v) 

denote the beta function J x"~^(l — xY^^dx for u,v > 0. For the normalization, we 

, (2g + 2V~ ° 
set a;'- = „, ^ r^w,-. Ihen we have 



2fi(i/(2ff + 2),l/2) 



and / 



C^ + 1 ^ 



where i, j G {1, 2, . . . , g}. The integral / depends only on the homology class of 7, 

since uj[ is a closed 1-form. 

We compute the iterated integrals of real harmonic 1-forms of Co with integral 
periods. Let and Ofe be the non-singular matrices whose (i, j)-entries are 

Lo'i and / u)'i 



respectively. We define real harmonic 1-forms Oj and = 1,2, . . . , g, by 



ai 



( 



V 



respectively. It is clear that / a 




I3i. Let 



0: Hi{Co; Z) H^{Co; Z) denote the Poincare dual. We have Q{xi) = ai and Q{yi) = 
j3i for i = 1, 2, . . . , 5. Hence, {cx-i, 1=1,2,..., g is a symplectic basis of H^{Cq;1). 

9 

Let tu be a complex number C,"^^ for any integer n. It is obvious that 

p=i 

( g for u E {2g + 2)Z, 

-1 for u(^2Z\{2g + 2)'L, 

^ for u G 2Z + 1. 

1 - C" 

Furthermore, i„ is pure imaginary and = — when ti is odd. In addition to the 
formulas (1),(2),(3) and (4) of Lemma 3.8 in ^0,, it is to show 

Lemma 5.1. On the curve Cq, we have 



-^t2k-2i{t2k-2j — hk), 



(6) / aif3j — — — , 1 I {t2u-2i-2 — t2u-2i) t2v+2u-2j-2 \ ■ 



^ 2(5 + 

Here i,j,k G {1,2,... ,g}. 
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Proof. We compute the case (5) in the following way. Let ^j,m and Bi^i be (j, m) and 
(i, /)-entries of (Qa)'^ and {0,b)~^ respectively. 

We use Lemma 3.5 in and calculate 
9 . 

j,m / "^i^^m 
i,m=l -^"fe 

Z,m=l 1 C 2 

=2 T^^^^'^'''''^ ^ c'(2^-2.-i)(i + - r - r (1 - c')) 

7Tt=l ^ « = 1 

9 2fc-l 

~2 ^ ^ C'"*'|(l — C™)(*2A:-2j-l + *2fc-2i) — C™'(*2fc-2i-l — *2A:-2i+l)| 
m=l v=2k—2j 

= 2 E ^^7;^C^''"''^(1 - r)(t2fc-2.-l + t2k-2^) - C^'"''\t2k-2^-l " t2fc-2.+l) 

m=l ^ v=2k-2j ^ 

= - j (i2A;-2j-l + t2k-2i){t2k-2j — t2k) — {t2k-2i-l — t2k-2i+l) ^ Wl r 
^ v=2k-2j ^ 

If 2fc . 

= 2 j (*2A;-2j-l + t2k~2i){t2k-2j — *2fc) " (*2fc-2i-l " i2A:-2i+l) ^ *v p 
^ D=2fc-2j+l 

Similarly, we have 

{g + If Y Bi,iAj,m / ojIuJ'^ 

l,m=l -^"fe 

If 2fc . 

= (*2fe-2i-l + t2k-2i){t2k-2j — t2k) — (*2A;-2i-l — t2k-2i+l) ^ ^-o \- 
^ v=2k-2j+l ^ 

Therefore, we obtain the result 

~2? — I 1 'i2 2^1 ^(*2fc-2i-l + t2k-2i){t2k~2j — hk) — 2(t2A:-2i-l — *2A;-2i+l) ^ tv \ 



i;=2fc-2j+l 
even 
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Similarly we compute the case (6). □ 

Using the symplectic basis {xi,yi}i=i^2, - ,g C Hi{C;Z) stated in ^ we choose a 
basis of K as follows: 

^ (1) (i^j) 

(2) (g) ?/i - xi (g) yi {i / 1) 

(3) Xi yi + yi Xi {i = 1,2, . . . , g) 
^ (4) Zi(g)Zi {i = l,2,...,g) 

where Zi denotes Xi or y^ and so on. By the definition of the pointed harmonic volume 
I^, we obtain 

Iu{{xi y-i + y-i ® Xi) ® z'l) = mod Z for any i, k, 

and 

I (z- (g) z- (g) z") = I ^ if (g (g 4' = Xi g) Xj or yi<^yi(^ Xi, 

^ * fc7 — I Q jjjQ^j ^ otherwise, 

for any hyperelliptic curve C. It is enough to consider the case (1) and (2). For the 
rest of this paper, we omit mod Z, unless otherwise stated. 

We compute the pointed harmonic volume of (Co,(5o)- From Lemma l5.H Lemma 
3.8 in |Hj and the equation / rj = (Lemma 4.2 in 6 ), it is to show 

Proposition 5.2. Case (1). If i ^ k and j ^ k, then we have 

lQ,{Zi®z'j®zl) = 0. 

If i = k or j = k, then we have 

iQoi^i® Xj®yi) = n, 

iQoi^i ^ Vj ^ Vi) = 



{9-3 + 1)m if i < j, 
{2g -j + 2)fi if i > j, 

J> if i > J, 



Iqo iVi ® Vj ® Xi 



Case (2). If i ^ k and k^\, then we have 

iQoiixi g) yi - xi (g yi) g) 4') = 0. 

If i = k or k = 1, then we have 

iQoiixi g) yi - xi gi yi) (g Xi) = (y + 2)/i, 

lQo{{xi g> yi - xi (g yi) (g yi) = {2g - i + 2)^, 

iQoiixi yi - xi <^ yi) <^ xi) = gfi, 

iQoiixi g) yi - xi (g yi) (g yi) = (y + 2)/i. 

Here we denote /i = l/(2y + 2). 

Remark 5.3. From Remark [2.21 we do not need to compute lQ^{xj®Xi®yi), lQ(^{{yi® 
Xi — yi'^ xi) Xi) and so on. 



POINTED HARMONIC VOLUMES OF HYPERELLIPTIC CURVES 



9 



We calculate the difference between I^, and /q„. For hi h2 <^ £ K H , we set 
Au{hi O /i2 ® hs) := I„{hi0h20_h3) - /qo(^i ^2 O /is) mod Z. Let 4: [0, 1] ^ Co 
be a path f 1-^ {tC^, V— iVl — G Cq. It is clear that • ej ■ £jy's are loops in Cq 

at the base point Pi,. Prom the equation (2.2) in j4j, we have 

Lemma 5.4. 

Aj,(/ii /i2 (gi /is) = (/ii, /13) / h2-{h2,hi) / /ii mod Z. 



It is clear that 



1 



-3?(t^_2i + tz.-2i+i) and / A 



2(5 + 1)-^— — y,^-' 2(5 + 1) 

These equations and Lemma 15.41 give the following Lemma. 
Lemma 5.5. Case (1). If i ^ k and j ^ k, then we have 

K{zi (g) Zj (g) zl) = 0. 

If i = k or j = k, then we have 



3f? 



Ku=i>—2i+l 



gH a v = 1 or 2, 

{2g + l)/i if 1/ / 1 and 2, 

jfj, \i V > 2i — 1, 

{g + j + l)^^ iiu<2i-l, 

{g + 2)fi ifu = l or 2, 

H \iv^ \ and 2, 

{2g-j + 2)iJL \iv>2i-l, 

{g-j + l)n iiv<2i-l. 

Case (2). If i ^ k and k ^ 1, then we have 

Kiixi (gyi- xi® yi) (g) z^') = 0. 

If i = k or k = 1, then we have 



Ai^{xi (g) Xj (g) yi) 
K{xi (g yj g) 2/i) 
KiVi (g Xj (g Xj) 
KiVi (g (g Xi) 



K{{xi (g ?/i - xi (g yi) (g Xj) 
K{{xi (g yi - xi (g 7/1) (g yi) 
Ai.((xi (g yi - xi (g yi) (g xi) 
K{{xi g" yi - xi (g yi) (g yi) 




\i u = 2j — 1 or 2j, 
if 1/ / 2j - 1 and 2j, 
if 1/ > 2z - 1, 
if 1/ < 2i - 1, 
if 1/ = 1 or 2, 
if 1/ 7^ 1 and 2, 
if > 1, 
if 1/ < 1. 



By combining Proposition 15 . 21 and Lemma [5. 5 [ we have the pointed harmonic volume 
of (Co, P.). 

Theorem 5.6. Case (1). Elements ofK^H at which the value of the pointed harmonic 
volumes I^, are 1/2 mod Z are given by 

Xi (g Xj (g yi, Xj (g Xi(gyi \i v = 2j — \ or 2j, 

Xi <g Vj ® Vi, yj ®Xi®yi if {i < j,u > 2j - 1) or {i > j,u < 2j - 1), 
yi g) Xj (g Xi, Xj (g yi® Xi \i v = 2j — 1 or 2j, 

yi (g yj (g Xi, yj g) yi g) Xi if {i < j,u > 2j - 1) or {i > j,u < 2j - 1). 
The values at the other elements are mod Z. 
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Case (2). Elements of K ® H at which the value of the pointed harmonic volumes 
ly are 1/2 mod Z are given by 

{xi (8) yj - xi (g) yi) (g) Xi, {yi ® Xi - yi ® xi) ® Xi \i v ^ 2i - I and 2i, 

{xi ® yi - xi ® yi) <g Vi, (2/j Xj - yi O xi) (g) 7/j iiv<2i-l, 

{xi (8) - xi (g) yi) (g) xi, {yi (g Xj - yi (g xi) (g xi if i/ / 1 and 2, 

(xj (g yi - xi (g yi) (g yi, (yj (g Xj - yi (g xi) (g yi if i/ > 1. 

The values at the other elements are mod Z. 

From Proposition l4.H this theorem can be extended to any hyperelhptic curve C with 
Weierstrass base points. But this extension is compHcated. We reconsider Theorem 15 .61 
from a combinatorial viewpoint. We apply an element AG K ®H to the identification 
(jHHJ in the group {K (g H)i^. Then we have {A mod 2) = Yjp,q,r^v ^p,q,rfp ® fq(^ fr, 
where ^p,g,r S Z2 = {0, 1}. The notation [| means the cardinality of a set. A counting 

function n^-.K^H^ ^Z/Z = {0, 1/2} is well-defined by 

i^v{A) := ^(^^{{p,q,r);Ap^q^r = lA{p,Q,r} = 2}^ mod Z. 

Here q,r} = 2 means p = q^r or q = r^p 01 r=p^q. By the long but easy 
computation, we obtain the correspondence. 

Corollary 5.7. On the curve Cq, we have 

Iu{A) = Ky{A) mod Z. 

Example 5.8. (1) If ^ = Xj (g xj ® yi {i < j and = 2j — 1), we have 

k{A) = K{{f2^-l + f2^) ® f2j ® (/o + /l + " " " + /2i-l)) 
= K{f2i-1 f2j /2i-l) = 1/2. 

(2) If j4 = Xj (g Xj ®yi {i > j and 2i < v), we have 

k{A) = k((/2._i + f2^) (/2,-l + /2,) ® (/o + /l + " " " + f2i-l)) 

= K{f2i^l Ig /2i-l (g /2i-l + /2i-l (g /2j-l (g /2i-l + /2i-l ^ f2j ig /2i 
+ /2i~l ^ /2j (g /2i-l + f2i (g /2j-l (g /2i-l + /2i ® f2j ® /2i) 

= 1/2 + 1/2 + 1/2 + 1/2 + 1/2 + 1/2 = 0. 

6. A COMBINATORIAL FORMULA OF I,, 

In this section, we compute the pointed harmonic volume /j/ = Ip^ of (C, by 
another combinatorial way. Let S2g+i be the (2y + l)-th symmetric group. Using the 
natural projection S2g+i, the group is naturally considered as a Ij2S2g+i- 

module (Arnol'd, V. I. pQ). Prom the slight modification of Lemma 5.5 and Proposition 
5.7 in IHj, we have 

Lemma 6.1. 

ifO(Ai; (K H)*) = H\S2g+i; (H^^)*) = Z2. 

Moreover the unique nontrivial element if^i, G i^'^(52c,+i; {H®'^)*) is an S2g+i-homomorphism 
H^^ Z2 defined by 

for any i,j,k except for v. 
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From Lemma l6. II we have 
Theorem 6.2. For A ^ K H , we have 

Iu{A) = n^{A) mod Z. 

Using the equation /j = 7r(eJ,)+7r(e-), we obtain A = Ylp,q,r ^'p,q,r'^{^'p)®'^('^'q)®'^i^'r)- 
Another counting function k'^^: K ® H ^ i^l"^ = {0, 1/2} is defined by 

:= \ (tl{(P, 9, r)\ g = 1, tt{p, g, r} =2, p,q,r ^ u}^ mod Z. 

Corollary 6.3. 

luiA) = kI{A) mod Z. 

Proof. We use the notation e{p, q, r) = 7r(ep) (X" 7r(eg) '/r(ej,) only here. The equation 
fp® fq® fr =e(p, q, r) + e{p, q, v) + e{p, v, r) + e(p, v) 

+ e{v, q, r) + e{p, q, v) + e(z^, r) + e(z^, i/, u) 

gives EE □ 
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